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Vampire, AVATAR, and the SAT Solver
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Non-Chronological Backtracking [SS99, MMZ*01]
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Incremental Solving: Adding a Clause Mid-Search
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Incremental Solving: Adding a Clause Mid-Search
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Incremental Solving: Adding a Clause Mid-Search
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Incremental Solving: Adding a Clause Mid-Search

Ci=wVa

Co=xV-b

C3=yV-wV-x

Cy=h1V-—c

Cs=2zV-dV-hy

Cg=hyV —z
Cs Cs

Cs=-wV-yV-zV hy

Co=—zV-wV-y

“@ Uh oh...

Graph Backtracking for AVATAR 6 /27



Incremental Solving: Adding a Clause Mid-Search
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Chronological Backtracking [NR18, MB19, Nad22, CFK24]
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Chronological Backtracking [NR18, MB19, Nad22, CFK24]
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Chronological Backtracking [NR18, MB19, Nad22, CFK24]
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10617 TPTP Problems Using AVATAR - NCB vs CB

Propagation: NCB vs. CB User backtrack cost: NCB vs. CB
e e o
104 solved by both (2043) 104 solved by both (2043)
solved by NCB(82) solved by NCB(82) . S
107 solved by CB(213) 1084 - solved by CB(213) <

106 4
B 105 4
10 4
10° 4

102 4

T T T T T T T T T T T T T T
10? 10° 104 10° 10° 107 108 102 10° 10* 10° 10® 107 10% 10°
NCB NCB

Figure: CB saves 74.3% of Boolean propagations and 3.4% of the estimated cost compared to NCB
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10617 TPTP Problems Using AVATAR - NCB vs CB

CPU time: NCB vs. CB
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What is Chronological Backtracking Good for?

Advantages

@ Simple(ish) to implement.
@ Resilient in incremental solving.
@ Fast in practice for many problems.
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What is Chronological Backtracking Good for?

Advantages

@ Simple(ish) to implement.
@ Resilient in incremental solving.
@ Fast in practice for many problems.

Disadvantages

@ User-agnostic
@ Rigid: always top down
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A More Tailored SAT Solver

Extended Interface
We allow the user (e.g. VAMPIRE) to provide a cost for each literal. J
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A More Tailored SAT Solver

Extended Interface
We allow the user (e.g. VAMPIRE) to provide a cost for each literal.

New Backtracking Scheme

Graph Backtracking (GB) searches the cheapest set of literals to backtrack to resolve a
conflict. We use the implication graph as a precise guiding structure.
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Graph Backtracking (GB)
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Graph Backtracking (GB)

Backtrack
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Graph Backtracking (GB)

vt

Backtrack

i
. I
OptIOnS |-__]j
option 1: O
option 2: O =™
. min
option 3: O ‘,_.-="
option 4: O
)

Graph Backtracking for AVATAR

0=4
0=3
0=2
0=1

PRaiEN

So -



Graph Backtracking (GB)

Graph Backtracking for AVATAR

0%
Backtrack oS
options '--\jl
option 1: O
option 2: O =R
. am
option 3: @ ‘,_-=\'
option 4: O
)

0=4
0=3
0=2
0=1




Graph Backtracking (GB)

vt

Backtrack oS
options '-“\JI

option 1: O
option 2: O =™
: mm
option 3: O |,_-="

option 4: O
1

Graph Backtracking for AVATAR

0=4
0=3
0=2
0=1

~_ - R




Graph Backtracking (GB)
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Graph Backtracking (GB)
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Graph Backtracking: What GB Buys Us

Precision

GB unassigns exactly the literals that need to move, guided by the implication graph — not the
decision level.
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Precision
GB unassigns exactly the literals that need to move, guided by the implication graph — not the
decision level. )
Guarantees

@ Sound, complete, and terminating (with a safeguard on chunk choice)

@ Generalizes NCB and CB: both are instances of GB for specific weight functions )
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Graph Backtracking: What GB Buys Us

Precision

GB unassigns exactly the literals that need to move, guided by the implication graph — not the
decision level.

o

Guarantees

@ Sound, complete, and terminating (with a safeguard on chunk choice)
@ Generalizes NCB and CB: both are instances of GB for specific weight functions

User Control

The user-provided cost function allows for a more flexible backtracking strategy.
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10617 TPTP Problems Using AVATAR - (N)CB vs GB v1

Propagation: NCB vs. GB-V1 User backtrack cost: NCB vs. GB-V1
T m e - a———— e
10° 5 solved by both (1868) 10% 4 solved by both (1868)
solved by NCB(257) solved by NCB(257) Ny
1074 solved by GB-V1(128) 1084 - solved by GB-V1(128) . /:' :/'/

GB-vV1
GB-V1

T T T T T T T T T T T T T T
10? 10° 104 10° 10° 107 108 102 10° 10* 10° 10® 107 10% 10°
NCB NCB

Figure: GB saves 98.7% of Boolean propagations and 70.3% of the estimated cost compared to NCB
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10617 TPTP Problems Using AVATAR - (N)CB vs GB v1

Propagation: CB vs. GB-V1 User backtrack cost: CB vs. GB-V1
10° 5 solved by both (1931) ' 10°4 solved by both (1931) s
solved by CB(325) solved by CB(325) i
107 solved by GB-V1(65) 1084 - solved by GB-V1(65)

GB-vV1
GB-V1

T T T T T T T T T T T T T T
10? 10° 104 10° 10° 107 108 102 10° 10* 10° 10® 107 10% 10°
CB CB

Figure: GB saves 95% of Boolean propagations and 69.3% of the estimated cost compared to CB
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10617 TPTP Problems Using AVATAR - (N)CB vs GB v1

CPU time: NCB vs. GB-V1 CPU time: CB vs. GB-V1
101 4
— —
2 2
[
5 CRIEC B
' 1
i
i
Ly
- . 101 ik A .
solved by both (1868) | ’,/: ot - + solved by both (1931) .
- solved by NCB(257) St j,/ N - solved by CB(325)
. solved by GB-V1(128) . solved by GB-V1(65)
107! 10° 10t 1071 100 10t
NCB CB
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Why does it not work?

Hypothesis

@ Conflict repair too expensive?
@ Slow decision elimination?

© Color selection too expensive?
@ Bad cost heuristic?

Graph Backtracking for AVATAR 15 / 27



Many Conflicts to Solve at Once

Example: four conflicts over our four colors
conflict  colors hit Prefixes: (0,4)

@ @)
Cs
Cs
Cy

Backtracking options:
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Many Conflicts to Solve at Once

Example: four conflicts over our four colors

Prefixes: { }
pick prefix (. C1, Cy, C5, C4 still needs to be solved.

C %% O Insert prefixes ((),2), (), 2), (D:1),((D,2)

conflict  colors hit

Cs
Cs
Cy

Backtracking options:
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Many Conflicts to Solve at Once

Example: four conflicts over our four colors

conflict  colors hit Prefixes: {(D:1),(O,2),(O,2),(O,2)}

@ @)
Cs
Cs
Cy

Backtracking options:
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Many Conflicts to Solve at Once

Example: four conflicts over our four colors

conflict  colors hit PrefixeS:. {(O’ 2),(O:2), (O 2)}
pick prefix {(), 1}. Cs still needs to be solved.

gl %% @) Commit hitting sets ()0, OO
2

Cs
Cy

Backtracking options: (OO, OO
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Many Conflicts to Solve at Once

Example: four conflicts over our four colors

conflict  colors hit Prefixes: {(07 2)7(@7 2)’(072)}

@ @)
Cs
Cs
Cy

Backtracking options: O‘ ‘Q
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Many Conflicts to Solve at Once

Example: four conflicts over our four colors

conflict  colors hit Prefixes: {2, 2)}
pick prefix {(),2}. Cs, Cy still needs to be solved.

C1 O Subsumed
Cy Add prefixes ( 1,00,

Cs
Cy

Backtracking options: (OO, OO
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Many Conflicts to Solve at Once

Example: four conflicts over our four colors

conflict  colors hit Prefixes: {(OO, 1), (OO:1),((O:2),(O,2)}

@ @)
Cs
Cs
Cy

Backtracking options: O‘ ‘Q
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Many Conflicts to Solve at Once

Example: four conflicts over our four colors

conflict  colors hit Prefixes: {OOD,(O2,(O.2)}
pick prefix ()O). Cj still needs to be solved.
Ch O Subsume OQQ
Cs Commit OQO
Cs
Cy
Backtracking options: OQ OQ
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Many Conflicts to Solve at Once

Example: four conflicts over our four colors

conflict  colors hit

@ @)
Cs
Cs
Cy

Backtracking options: (). OO
COO.
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Many Conflicts to Solve at Once

Example: four conflicts over our four colors

conflict  colors hit

@ @)
Cs
Cs
Cy

Backtracking options: (OO, OO
CO
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Many Conflicts to Solve at Once

Example: four conflicts over our four colors

conflict  colors hit

@ @)
Cs
Cs
Cy

Backtracking options: (OO, OO
CO

Observation

The naive approach of enumerating all hitting sets is too expensive. We need a more efficient search.

We capped the number of conflicts to 10 and the number of hitting sets to 1000.

Graph Backtracking for AVATAR 16 / 27



10617 TPTP Problems Using AVATAR - GB vl vs Better GB

CPU time comparison between GB-V1 and GB

s
.

solved by both (1971) | Y .
solved by GB-V1(25) e A
solved by GB(158)

s y=x

1
10 y=2x

10—1 4

107! 10° 10t
GB-V1
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Color Merging

Ci=wVa
Co=aV-b
C3=yV-wV
Cy=hyV-—c
Cs =2V -dV -hy
Cg=hoV 2z

Cr=aV-cV-d
Cs =—wV -y V-zV-ahy
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Color Merging

Ci=wVa
Co=aV-b
C3=yV-wV
Cy=hyV-—c
Cs =2V -dV -hy
Cg=hoV 2z

Cr=aV-cV—d
Cg =—-wV-yV-zV-hy
Cy=—wV —xV-zV-hy
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Color Merging

Ci=wVa
Co=aV-b
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Cs =2V -dV -hy
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Eager Color Merging (ECM)

Ci=wVa
Co=2xV-b
C3=yV-wV-x
Cy=h1V—c
Cs=2zV-dV-h
Ceg=hayV 2z
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Eager Color Merging (ECM)

Ci=wVa
Cs
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Co Cs
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Lazy Color Merging (LCM)

Backtrack
options
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Lazy Color Merging (LCM)

Backtrack
options

option 1: O
option 2: ©
option 3: O
option 4: OO
option 5: OO

Graph Backtracking for AVATAR
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Lazy Color Merging (LCM)

Ci=wVa
Backtrack 1
options Co=2V-b
o Cs3=yV-wV—x
option 1: o "
= V e
option 2: © 4 1

option 3: O ! b 7 ) Cs =2V —=dV —hy
option4 00 <> Cs=ha V2

? C2 C3
W \ Cr=aV-cV-—d
a —>|,’u)\\ Cg = —|w\/—|y\/—|z\/—|h2
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10617 TPTP Problems Using AVATAR - GB vs GB-Merging

CPU time: GB vs. GB-ECM

CPU time: GB vs. GB-LCM

GB-ECM
GB-LCM

solved by both (2079)
solved by GB(50)
solved by GB-ECM(51)

solved by both (2068)
solved by GB(61)
solved by GB-LCM(32)

T T
10° 10t 10° 10!
GB
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A Long Chain from Multiple Decisions

6 =500 Tk

§=4,...,499 Er_i_
6=3 z3
6=2 T2
0=1 T
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A Long Chain from Multiple Decisions

6 =500 Tk

§=4,...,499 Er_i_
6=3 z3
6=2 T2
0=1 T
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A Long Chain from Multiple Decisions

6 =500 Tk

§=4,...,499 Er_i_
6=3 z3
6=2 T2
0=1 x1
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Trail Compaction

6 =500 Tk > by = Ly = -+ — Logg — L1000
§=4,...,499 :F_E_ q'/
I
6=3 z3
6=2 T2
0=1 T
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Trail Compaction

0 =500 T
§=4,...,499 :F_E_q'
I

6=3
6=2 T2
0=1 T
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Trail Compaction
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Trail Compaction

6 =500 Tk > by = Ly = -+ — Logg — L1000
§=4,...,499 :F_E_ q'/
I
6=3 z3
6=2 T2
0=1 x1

Graph Backtracking for AVATAR 23 /27



10617 TPTP Problems Using AVATAR - GB-ECM vs Compacted GB-ECM

CPU time: GB-ECM vs. GB-ECM-COMPACT

101 4

100° A

GB-ECM-COMPACT

101 4

solved by both (2115)
solved by GB-ECM(15)
solved by GB-ECM-COMPACT(22)

10! 10° 10t
GB-ECM
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GB-ECM-COMPACT

10617 TPTP Problems Using AVATAR - (N)CB vs our best GB

CPU time: NCB vs. GB-ECM-COMPACT

101 4

100 A

1071 4

+. solved by both (1957)
solved by NCB(168)
solved by GB-ECM-COMPACT(180)

GB-ECM-COMPACT

10° 10t
NCB

Graph Backtracking for AVATAR

CPU time: CB vs. GB-ECM-COMPACT

101 4

10° 4

1071 5

e
K . s ’;,:ﬂ:?.
%

solved by both (2043)
solved by CB(213)
solved by GB-ECM-COMPACT(94)

10° 10*
CB




The Elephant in the Room: Cost Estimation

Current Heuristic

(0) #activated clauses + #deactivated clauses if £ is synchronized
CoS =
0 otherwise
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The Elephant in the Room: Cost Estimation

Current Heuristic

(0) #activated clauses + #deactivated clauses if £ is synchronized
CoS =
0 otherwise

Research Question (How to improve the cost heuristic?)

We would love your ideas.
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Conclusion

Conclusion
@ GB solves roughly as many problems as NCB — competitive in CPU time.
@ GB is much more precise: far fewer Boolean propagations than NCB or CB.
@ GB succeeds in preserving expensive literals, at the cost of book-keeping.
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Conclusion

Conclusion
@ GB solves roughly as many problems as NCB — competitive in CPU time.
@ GB is much more precise: far fewer Boolean propagations than NCB or CB.
@ GB succeeds in preserving expensive literals, at the cost of book-keeping.

Future Work

@ Improve scalability in the number of decisions/conflicts.
@ Improve the cost heuristic.
@ Reduce the conflict repair overhead.
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First Unique Implication Point (UIP) with GB
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First Unique Implication Point (UIP) with GB
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Challenge I: Termination
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Challenge I: Termination
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Challenge I: Termination
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Challenge |: Safeguards

Why this happens

@ Arbitrary cost function
o No guarantee to learn a new clause after backtracking (like in CB [MB19])
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Challenge |: Safeguards

Why this happens

@ Arbitrary cost function
o No guarantee to learn a new clause after backtracking (like in CB [MB19])

Solution
@ If possible to learn a clause: choose the color that allows to learn the clause with
minimum total cost
@ Otherwise, select latest decision (like in CB)
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Challenge Il: Watched Literals

Let us watch y and -z in Cs.

Cs3=yVozV-w

Invariant (Watched Literals)

For each clause C € F' watched by c1, ca, we have

propagated(—c;) = satisfied(cz)
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Challenge Il: Watched Literals

Let us watch y and -z in Cs.

v propagated(—y) = satisfied(—x)
propagated(z) = satisfied(y)

is satisfied.

Cs3=yVozV-w

Invariant (Watched Literals)

For each clause C € F' watched by c1, ca, we have

propagated(—c;) = satisfied(cz)
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Challenge Il: Watched Literals

@/ Let us watch y and —z in Cs.

propagated(—y) = satisfied(—x)
propagated(x) = satisfied(y)

is violated

Cs3=yVozV-w

Invariant (Watched Literals)

For each clause C € F' watched by c1, ca, we have

propagated(—c;) = satisfied(cz)
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Challenge I1I: Watched Literals (Solution)
O
O

We define cross-colors(¢) as the set of colors
that trigger the repropagation of /.

Cs3=yVozV-w

Invariant (Watched Literals)

For each clause C' € F' watched by c1,cy, we have

propagated(—cy) = [satisfied(cz) A colors(cz) C cross-colors(cy)]
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Challenge I1I: Watched Literals (Solution)
O
O

Let us watch y and -z in Cj.

propagated(—y) = [satisfied(—z) A () € ()]
propagated(z) = [satisfied(y) A O) € O]

is satisfied.
Cs3=yVozV-w

Invariant (Watched Literals)

For each clause C' € F' watched by c1,cy, we have

propagated(—cy) = [satisfied(cz) A colors(cz) C cross-colors(cy)]
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Challenge I1I: Watched Literals (Solution)
@
O

Let us watch y and -z in Cs.

propagated(—y) = [satisfied(—z) A () € ()]
propagated(z) = [satisfied(y) A O € O]

is satisfied.
Cs3=yVozV-w

Invariant (Watched Literals)

For each clause C' € F' watched by c1, ca, we have

propagated(—cy) = [satisfied(cz) A colors(cy) C cross-colors(cy)]
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Backup: The Hitting-Set Search

Given

Conflicting clauses C1, ..., (), discovered simultaneously, each with a candidate chunk set
Y(Cs). J
Want

A cheapest I with T' N y(C;) # 0 for every i.

Algorithm sketch

o Seed a shortest/greedy hitting set to bound the search early.

@ Best-first search over partial hitting sets, ranked by their (bounded) cost.

@ Prune a branch once no completion of its prefix can beat the current best; deduplicate
hitting sets discovered via different branch orders.

@ Cap the number of candidates explored (Section 6.1 of the paper) to bound worst-case
blow-up.

v
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Backup: Trail Compaction, in Detail

Compacted trail

Scan the trail once; whenever a run of consecutive literals shares exactly the same chunk
membership, replace the run by a single piece (chunks, literals).

Where it is used

Only for costing candidate chunk sets during conflict repair — not for propagation, where
per-literal chunk information is still needed.

When it helps

Long runs of binary, single-chunk implications (deep AVATAR component chains). When
chunks fragment quickly (many merges, many decisions touching the same region), the
compacted trail degenerates back to one piece per literal.
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